Finsler metrics of scalar flag curvature play an important role to show the complexity and richness of general Finsler metrics. In this paper, on an n-dimensional manifold M we study the Finsler metric F = F (x, y) of scalar flag curvature K = K(x, y) and discover some equations K should be satisfied. As an application, we mainly study the metric F of weakly isotropic flag curvature K = 3θ F + σ, where θ = θi(x)y i = 0 is a 1-form and σ = σ(x) is a scalar function. We prove that in this case, F must be a Randers metric when dim(M ) ≥ 3. Further, without the restriction on the dimension we prove that projectively flat Finsler metrics of such weakly isotropic flag curvature are Randers metrics too.
Introduction
The flag curvature of Finsler metrics is a natural analogue of sectional curvature of Riemannian metrics. Let F = F (x, y) be a Finsler metric on an n-dimensional manifold M . The flag curvature K = K(Π, y) of F is a function of "flag" Π ⊂ T x M and "flag pole" y ∈ T x M at x with y ∈ Π. We say that a Finsler metric is of scalar flag curvature K = K(x, y) if the flag curvature is independent of the "flags" Π ⊂ T x M for each "flag pole" y at x with y ∈ Π. As a special class in Finsler geometry, with the quadratic restriction, if a Riemannian metric is of scalar flag curvature, then the flag curvature must be independent of the "flag pole", i.e. K = K(x). By Schur Lemma, in dimension n ≥ 3, K = constant. The classification of Riemannian metrics of constant flag curvature (sectional curvature) is well-known. However, the classification of Finsler metrics of scalar flag curvature (even constant flag curvature) is far from being understood. Then a natural inverse problem arises: how to determine the Finsler metric F = F (x, y) when its flag curvature K = K(x, y) is given?
In this paper, we first establish two equations of the scalar flag curvature K should be satisfied in Lemma 3.1 and 3.2. From these two equations, one can see that there are some restrictions on K. As an application, we study the Finsler metrics of weakly isotropic flag curvature
where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function. It is easy to see that when θ = 0, then K = σ(x) and hence K = constant in dimension n ≥ 3 by the Schur Lemma. The classification of Finsler metrics of constant flag curvature is still unknown though many metrics of constant flag curvature were found [2] [4] [5] [8] [9] [10] [12] . When θ = 0, it seems more general than the previous case. That's why the name "weakly isotropic" flag curvature is given. The flag curvature in (1.1) was first considered in [6] when the authors studied Finsler metrics with isotropic S-curvature. They proved that if a Finsler metric with isotropic S-curvature and of scalar flag curvature K = K(x, y), then K must be in the form (1.1). In the past years, many Finsler metrics of weakly isotropic flag curvature are discovered. However, all of them are Randers metrics when the 1-form θ = 0. In [7] , X. Cheng and Z. Shen classified Randers metrics of weakly isotropic flag curvature when dim(M ) ≥ 3. These Randers metrics can be expressed by Then it is natural to ask that if a Finsler metric of weakly isotropic flag curvature (θ = 0) must be a Randers metric or not? In the following theorem, we give the positive answer to this question when the dimension of the manifold is not less than 3. Theorem 1.1 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly isotropic flag curvature
where θ = θ i (x)y i = 0 is a 1-form and σ = σ(x) is a scalar function. Then F is a Randers metric in (1.2).
The proof is based on Lemma 3.1 and Lemma 3.2 obtained in Section 3. We first prove the 1-form θ is closed and then find a quadratic equation F should be satisfied. When θ = 0, then K = σ(x) and by Schur Lemma K = constant. By the above theorem and Lemma 2.1, we immediately get the following corollary. Corollary 1.2 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of scalar flag curvature and having almost isotropic S-curvature, i.e., S = (n + 1)(cF + η), where c = c(x) is a scalar function and η = η i (x)y i is a closed 1-form. If c(x) is not a constant, then F is a Randers metric in (1.2).
In Theorem 1.1, we need the condition that dim(M ) ≥ 3. Then it is natural to ask how about the case when dim(M ) = 2? Till now, we still do not know how to discuss this case in general. However, as we known that all projectively flat Finsler metrics are of scalar flag curvature. For this special class we obtain the following result without the restriction on the dimension. Theorem 1.3 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
where θ = θ i (x)y i = 0 is a 1-form and σ = σ(x) is a scalar function. Then F is a Randers metric.
It is known that Randers metrics of weakly isotropic flag curvature must be with isotropic S-curvature. In [6] , projectively flat Randers metric with isotropic S-curvature is totally determined. When θ = 0, then K = σ(x). It is known that projectively flat Finsler metrics with K = σ(x) must with constant flag curvature. In dimension greater than two, it follows from the Schur Lemma. In dimension two, it is proved by L. Berwald. In [8] , we have given the classification of projectively flat Finsler metrics with constant flag curvature.
The following corollary is obvious by Theorem 1.3 and Lemma 2.1.
Corollary 1.4
Let F be a locally projectively flat Finsler metric with almost isotropic Scurvaturei.e., S = (n + 1)(cF + η),
where c = c(x) is a scalar function and η = η i (x)y i is a closed 1-form. If c(x) is not a constant, then F is a Randers metric.
Then we ask the following Open Problem: On a 2-dimensional manifold, is there any Finsler metric which is not a Randers metric of weakly isotropic flag curvature in (1.1) (θ = 0)?
Preliminaries
with the following properties: (i) F ≥ 0 and F (x, y) = 0 if and only if y = 0; (ii) F is a positively homogeneous function of degree one, i.e., F (x, λy) = λF (x, y), λ ≥ 0; (iii) F is strongly convex, i.e., for any y = 0, the matrix
Randers metrics compose another group of simplest metrics in Finsler geometry, which arise from many areas in mathematics, physics and biology [1] . They can be expressed in the form F = α + β, where α = a ij (x)y i y j is a Riemannian metric and β = b i (x)y i is a 1-form with β α < 1 for any point. Consider a Finsler metric F = F (x, y) on an open domain U ⊂ R n . The geodesics of F are characterized by the following ODEs:
As an extension of sectional curvature in Riemann geometry, for each tangent plane Π ⊂ T x M and y ∈ Π, the flag curvature of (Π, y) is defined by
where Π = span{y, u}. A Finsler metric F is of scalar flag curvature if its flag curvature K(Π, y) = K(x, y) is independent of the tangent plane Π. In this case
If F is a Riemannian metric, the flag curvature K(Π, y) = K(Π) is independent of y. Finsler metric F is said to be of isotropic flag curvature if K = K(x). If K is a constant, then F is said to be of constant flag curvature. In Finsler geometry, there are some non-Riemannian quantities. There quantities always vanish for Riemannian metrics. Such as Cartan torsion, mean Cartan torsion, Berwald curvature, Landsberg curvature, S-curvature and etc.
The Cartan torsion
And the mean Cartan torsion I y = I k dx k is defined by 
It is obvious that
where 
Related to weakly isotropic flag curvature we discussed here, S-curvature is first introduced by Z. Shen in [13] when he studied the volume comparison theorem in Finsler geometry. For a Finsler metric F = F (x, y), the S-curvature is defined as the following.
where dV F = σ F (x)dx 1 ...dx n is the Busemann-Hausdorff volume form. F is said to have almost isotropic S-curvature if there is a scalar function c = c(x) such that
where η = η i (x)y i is a closed 1-form. F is said to have isotropic S-curvature if η = 0. Specially, F is said to have constant S-curvature if η = 0 and c is a constant. The following lemma shows the relationship between the weakly isotropic flag curvature and almost Scurvature.
Lemma 2.1 ([6])
Let F be a Finsler metric of scalar flag curvature K = K(x, y). If F has almost isotropic S-curvature as in (2.1), then F is of weakly isotropic flag curvature 
This is also equivalent to its geodesic coefficients G i = P (x, y)y i , where P = F x k y k /(2F ) is called the projective factor of F . In this case, the flag curvature K is a scalar function on T U given by
In 1929, L. Berwald proved the following lemma which plays an important role in our proof of Theorem 1.3.
Then F is projectively flat if and only if there is a positively y-homogeneous function of degree one, P = P (x, y), and a positively homogeneous function of degree zero,
3)
In this case, P is the projective factor of F .
Berwald Connection and Main Lemmas
In this section, we use Berwald connection to prove our main lemmas. One can find details in [14] . For simplicity, let
Let " | " denote the covariant derivative of Berwald connection. The index "0" means the contraction with y i . For example, for any scalar function
Using the Berwald connection, the following Bianchi identities for R l m ij are well-known.
Contracting the above equation with y m and y j yields
Taking a trace of (3.2) over l and m, we get
Taking a trace of (3.3) over l and i, we get
We use the above two identities to prove the following two lemmas. Now assume that Finsler metric F is of scalar flag curvature K = K(x, y). Then
where
By a direct computation, we have
Lemma 3.1 Let F be a Finsler metric on M of scalar flag curvature K = K(x, y). Then
Proof: Differentiating (3.10) along the direction
Substituting the above equation into (3.4), we obtain (3.11).
Q.E.D. The following lemma was first proved in [11] when F is of weakly isotropic flag curvature. Here we give the general version.
Proof: By a direct computation, we get
Substituting the above equations into (3.5) yields
By the assumption n ≥ 3, we obtain (3.12). Noting that
Thus (3.12) is equivalent to (3.13).
Q.E.D. Based on the Lemma 3.1, when K = 3θ F + σ, we can prove that θ must be closed. Lemma 3.3 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly isotropic flag curvature
where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function. Then θ must be a closed 1-form.
Plugging (3.14) into (3.11) yields
, we have
Contracting the above equation with g kl , we get
By the assumption n ≥ 3, then θ jx i = θ ix j . Thus θ is a closed 1-form. Q.E.D. By Lemma 3.1 and 3.2, we can prove the following main lemma which plays an important role in our proof of Theorem 1.1.
Lemma 3.4 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly isotropic flag curvature
where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function. Then θ is a closed 1-form and there exists a scalar function f = f (x) such that
In this case,
20)
Proof: By Lemma 3.3, θ is closed. Then By a direct computation, we have
Plugging the above two equations into (3.13) yields
Then there exists a scalar function f = f (x) such that (3.19) holds. Differentiating (3.19) respect to y i yields 2f
Differentiating the above equation along the direction
Then we obtain (3.20) and (3.21).
Q.E.D. Our proofs of the Theorem 1.1 and 1.3 are based on the following lemma. Q.E.D.
Proof of Theorem 1.1
In this section, we prove Theorem 1.1 by Proposition 4.1 and Lemma 4.2. By Lemma 3.4, the following proposition can be proved now. The key idea is to use the Ricci identity several times.
Proposition 4.1 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 3) of weakly isotropic flag curvature
where θ = θ i (x)y i = 0 is a 1-form and σ = σ(x) is a scalar function. Then there exists a scalar function λ = λ(x) such that θ = λσ |0 and one of the following holds.
(i) F is a Randers metric;
(ii) The scalar function σ and λ satisfy 4λ(f |0 + σθ) + σ |0 = 0 (4.1) and
where f = f (x) satisfies (3.19).
Proof: By the assumption K = 3θ F + σ, plugging it into (3.8) yields
By the Ricci identity we have
Substituting (3.21) into the above equation, then by σ |i|j = σ |j|i we get
Contracting (4.3) with y j yields
Noting that
we can rewrite (4.4) into
Then there exists a scalar function h = h(x) such that
Which is equivalent to 1 2
Now we divided our left proof into the following two cases. Case (a) σ |0 = 0. In this case, (4.5) becomes into
It is easy to see that F must be a Randers metric by Lemma 3.5. Case (b) σ |0 = 0. In this case, we prove that θ is parallel to σ |0 . Differentiating (4.5) respect to y i yields
Differentiating (4.6) along the direction δ δx j yields
(4.7)
Here we used f |i|j = f |i|j and θ i|j = θ j|i . Contracting (4.7) with y j yields
(4.8)
By (3.19) and (3.20), we have
Substituting the above two equations into (4.8) yields
On the other hand, by Ricci identity we have
(4.10) By (4.9) and (4.10), we have
Thus, we obtain θ |0
By (3.19), the above equation is equivalent to
Simplifying the above equation yields
Differentiating (4.13) respect to y k and y l yields
·i·j·k and I i = g jk C ijk . Contracting (4.14) with g kl , we get
By I j y j = 0, contracting (4.15) with y j yields
Thus, there exists a scalar function λ = λ(x) such that
By a direct computation, we get
Here the second equality is from (4.5). Substituting (4.17) back into (3.19) yields
If 4λ(f |0 + σθ) + σ |0 = 0 or 6λ 3 σ |0 + λ |0 = 0, then by Lemma 3.5, F is a Randers metric. Otherwise (4.1) and (4.2) hold.
Q.E.D. In the following lemma we prove that the case (ii) in Proposition 4.1 is impossible. Let us recall the following relationships between C, I, L and J [6] [14] .
When F is of scalar flag curvature K = K(x, y), then
Lemma 4.2 Let F be a Finsler metric on an n-dimensional manifold M (n ≥ 2) of weakly isotropic flag curvature where f = f (x) satisfies (3.19), then θ = λσ |i y i = 0.
Proof: If at some point x o , λ(x o ) = 0, then at this point θ = 0. Thus we only need to consider the point x such that λ(x) = 0. By θ |0 = θ ix j y i y j − 2θ l G l and (3.19), we have
Differentiating the above equation with respect to y i , y j and y k yields
Differentiating it along the direction y l δ δx l yields 
By the assumption that σ i = 1 λ θ i , then
(4.25)
Here the second equality is by (3.20) . Then by contracting the above equation with y i , we have 
On the other hand, by (3.9) and a direct computation, we get
(4.28)
Contracting the above equation with θ l and plugging K =
(4.29)
By contracting (3.1) with y m and θ l yields
Then by (4.27) and (4.29), we get
Substituting the assumption (4.20) and (4.21) into the above equation yields
Contracting the above equation with g ij yields 
Plugging (4.19) into the above equation yields 
(4.37)
Eliminating I k by the above two equations yields
By a direct computation and the assumption (4.20), (4.21), we get
Plugging the above equations and (4.32) into (4.38), we obtain
where F is a scalar function of x. It is impossible because F is a Finsler metric and σ |0 is a 1-form. Then by (4.39), we have
Thus σ |0 = 0 and θ = 0. Q.E.D. Proof of Theorem 1.1: It is obvious by Proposition 4.1 and Lemma 4.2.
Q.E.D.
Projectively flat Finsler metrics
Without the restriction on the dimension of the manifold, we study projectively flat Finsler metrics of weakly isotropic flag curvature in this section. The following lemma shows the equation which the flag curvature should satisfy.
Lemma 5.1 Let F be a projectively flat Finsler metric of scalar flag curvature K = K(x, y). Then
where P = P (x, y) is the projective factor of F .
Proof: By (2.4) and a direct computation we have
Plugging (2.3), (2.4) and (5.2) into above equation yields
Here G. Hamel's equation (2.2) is used. Q.E.D. Now we can prove that when
θ must be closed. By the equations (2.3) and (2.4) in Lemma 2.2, we get the following equations.
Then we can prove the following lemma.
Lemma 5.2 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function. Then θ must be a closed 1-form. In this case, there exists a scalar function a = a(x) such that
Proof: Contracting (5.1) with y l yields
Substituting (5.6)-(5.9) into the above equation yields
The above equation can be written into
Then we have
Differentiating the above equation respect to y i yields
Contracting it with g ij , we get
Thus θ is a closed 1-form. Substituting it back into (5.12) yields
Then we obtain (5.10).
Lemma 5.3 Let F be a projectively flat Finsler metric of weakly isotropic flag curvature
where θ = θ i (x)y i is a 1-form and σ = σ(x) is a scalar function. Then one of the following holds. (i) F is a Randers metric; (ii) σ = σ(x) = const. and there exist two scalar function b = b(x) and λ = λ(x) such that
Proof: By Lemma 5.2, (5.10) holds. Differentiating it with respect to x k yields
By (5.10), Θ = 0. Differentiating (5.10) with respect to y i yields
Here we use the fact that θ is closed. Which implies θ x i = θ ix l y l . Differentiating (5.15) with respect to
By the assumption, F is projectively flat, then by (2.3), (2.4) and (5.2) we have
(5.17)
Plugging above two equations into (5.16), we get
Contracting above equation with y j yields 0 = (2a
(5.20)
Observing that 
It is equivalent to 
Thus
− bF 2 − 2(a x l y l + σθ)F + 1 2 σ x k x l y k y l − 3θ 2 − σ x l y l P = 0. 
